In this paper, we consider an integrated vendor-buyer inventory policy for a continuous review model with a random number of defective items and screening process gradually at a fixed screening rate in buyer's arriving order lot. We assume that shortages are allowed and partially backlogged on the buyer's side, and that the lead time demand distribution is unknown, except its first two moments. The objective is to apply the minmax distribution free approach to determine the optimal order quantity, reorder point, lead time and the number of lots delivered in one production run simultaneously so that the expected total system cost is minimized. Numerical experiments along with sensitivity analysis were performed to illustrate the effects of parameters on the decision and the total system cost.
INTRODUCTION
In recent years, most inventory problems have their focus on the integration between the vendor and the buyer. For supply chain management, establishing long-term strategic partnerships between the buyer and the vendor is advantageous for the two parties regarding costs, and therefore profits since both parties, to achieve improved benefits, cooperate and share information with each other. Several researchers have shown that the buyer and the vendor can achieve their own minimal total cost, or increase H. J. Lin / An Integrated Supply Chain Inventory Model 88 their mutual benefit through strategic cooperation with each other. Goyal [7] first developed an integrated inventory model for a single supplier-single buyer problem. In his study, the joint approach to the inventory problem faced by a single supplier-single buyer of a product has been formulated with the help of an integrated inventory model. Later, Banerjee [2] generalized Goyal's model [7] and developed a joint economic-lotsize model for the case in which a vendor produces on an order of a buyer on a lot-for-lot basis under deterministic conditions. Then Goyal [8] extended Banerjee's model [2] and suggested that the vendor's economic production quantity per cycle should be a positive integer multiple of the buyer's purchase quantity. A review of related literature on buyervendor coordination models prior to 1989 is given in [9] .
Lu [20] relaxed the assumption [8] about completing a batch before starting shipments, and investigated a model that allowed shipments to take place during production, and the delivery quantity to the buyer is identical. Ha and Kim [11] further modified Goyal's model [8] and proposed an integrated JIT lot-splitting model to facilitate multiple shipments in small lots. In the same year, Hill [13] proposed a more general shipping policy for an integrated production inventory model by considering successive shipment sizes increased by a general fixed factor. And then, Hill [14] derived a globally-optimal batching and shipping policy for the single-vendor single-buyer integrated production-inventory problem. Goyal and Nebebe [10] further proposed an integrated inventory model in which the first shipment is smaller and is followed by shipments of the equal size. Pan and Yang [27] improved Goyal's model [8] by considering lead time as a decision variable, and obtained a lower joint total expected cost and shorter lead time. Recently, Ouyang et al. [23] extended Pan and Yang's model [27] by simultaneously optimizing ordering quantity, reorder point, lead time and the number of lots delivered in one production cycle. The aforementioned research on the integration vendor-buyer inventory problem focused on the production shipment schedule, in terms of the number and the size of batches transferred between both parties, neglecting the relationship between order lot and quality. A common unrealistic assumption of the above joint inventory models is that all the produced items are of good quality. However, as a result of imperfect production processes of the vendor, damage in transit, or other unforeseeable circumstances, an order lot arriving at the buyer often contains defective items. These defective items will affect the on hand inventory level, customer service level and the frequency of orders in the inventory system. So, production/shipment policy determined by conventional integrated inventory models may be inappropriate for the situation where an arriving lot contains some defective items. Therefore, it is worthwhile studying the effect of defective items on inventory problem. Since the pioneering work by Porteus [30] and Rosenblatt and Lee [31] , in order to surmount the common unrealistic assumption of good quality, many researchers have attempted to develop various imperfect-quality inventory models on this important issue. Paknejad et al. [25] derived a modified EOQ model with constant lead time and stochastic demand (exponentially and uniformly distributed demand during lead time), and considered the number of non-defective items in a lot as a random variable. In their paper, the shortages are allowed and fully backordered, and the defective items in each lot are discovered and returned to the vendor at the time of delivery of the next lot. Wu and Ouyang [45] incorporated the assumption of a mixture of backorders and lost sales and variable lead time into Paknejad et al.'s model [25] and assumed that all goods are quickly inspected. There are more papers related to this issue such as [1, 5, 17, 29, 35, 40, 44, 46] , and others. Though, the aforementioned inventory models tackled defective items focused on determining an optimal policy just from either the buyer's or the vendor's point of view. They considered just one-sided optimal inventory policies that neglected the complicated interaction and cooperation opportunity between the vendor and the buyer. This one-sided optimal strategy can be improved through forming an effective alliance with other parties. Huang [15, 16] considered an integrated vendor-buyer cooperative inventory model for items with imperfect quality under equalshipment policy, and assumed that the number of defective items follows a given probability density function, and that the vendor treats defective items as a single batch at the end of the buyer's 100% screening process. However, both shortages and lead time reduction were not considered. Recently, Ouyang et al. [24] developed an integrated inventory systems with fixed defective rate, and assumed that the buyer performs a 100% screening process immediately on receiving a lot, i.e., the length of inspection period is neglected here, and the vendor treats defective items as a single batch at the end of the buyer's 100% screening process. We notice that the reorder point and shortages were not considered. In many practical situations, lead time can be reduced, by an additional crashing cost, customer service level improved, inventory in safety stocks reduced, and the competitive edge in business increased; in other words, it is controllable. In addition, the information about the probability distribution of the lead time demand is often quite limited. There are many related studies such as [4, 26, 28, 32, 33, 34, 36, 37, 38, 39, 41, 42] , etc.
Based on the survey above, in this paper, we extend Wu and Ouyang's model [45] (the inspection process is considered to be a rapid action) and Ouyang et al.'s model [23] by considering an integrated supply chain inventory model with gradual screening process at a fixed screening rate for a random number of defective items in buyer's arriving order lot, in which the buyer's order quantity, reorder point, lead time and the number of lots delivered in one production cycle are decision variables. We assume that an arriving order lot may contain some defective items, and that the number of defective items is a binomial random number. Upon the arrival of an order, the buyer performs a non-destructive and error-free screening process gradually at a fixed screening rate on receiving a lot before selling, rather than inspecting through a rapid action; and all defective items in each lot are assumed to be discovered and returned to the vendor at the time of delivery of the next lot. So, the buyer will have two kinds of holding cost: nondefective items holding cost and defective items holding cost. Besides, the basic setting is a single-product continuous-review inventory system with a distribution free lead time demand; replenishments are made whenever the inventory level reaches the reorder point and also, as in [19] , we assume that lead time is controllable and shortages, during the lead time, allowed. The purpose of this paper is to simultaneously optimize ordering quantity, reorder point, lead time and the number of lots delivered in one production cycle by using the minmax distribution free approach, originally addressed by Scarf [43] (popularized by Gallego and Moon [6] ). In addition, we develop an algorithmic procedure to determine the optimal inventory policy. Finally, numerical experiments along with sensitivity analysis were performed to illustrate the effects of parameters on the decision and the total system cost.
The remainder of this paper is organized as follows. Section 2 details the notation and assumptions. In Section 3, we formulate the integrated inventory model involving imperfect-quality items and controllable lead time, and then develop an algorithmic procedure to find the optimal solution. Section 4 provides a numerical example and discussion of the results. In Section 5, we draw some conclusions and give suggestions for some future research.
NOTATION AND ASSUMPTIONS
The following notation and assumptions are used, throughout the paper, to develop the proposed models. where k is known as the safety factor. 
Notation
, and the lead time crashing cost per cycle ( )
7. The extra costs incurred by the vendor will be fully transferred to the buyer if shortened lead time is requested. 8. The buyer orders a lot of size Q (for non-defective items) and will receive the batch quantity in n equally-sized shipments of size q , where n is a positive integer. 9. An arriving lot may contain some defective items. We assume that the number of defective items, Y , in an arriving order of size q is a random variable which has a binomial distribution with parameters q and γ where γ ( 0 1 γ ≤ < ) represents the defective rate in the order lot. Upon the arrival of the order, all the items in the lot are inspected with the screening rate x by the buyer, and defective items in each lot are discovered and returned to the vendor at the time of delivery of the next lot. 10. Vendor's production rate for the non-defective items is greater than buyer's demand rate, i.e., (1 )P D γ − > .
11. The screening process and the demand proceed simultaneously, but the screening rate is greater than the demand rate.
THE BASIC MODEL
The information about the form of d.f. of the lead time demand is often limited in practice. Thus, the conventional assumption of a full knowledge about the form of d.f.s for lead time demand may not provide the best protection against the occurrence of other distributions. Thus, in this section, we establish an integrated vendor-buyer inventory model involving a mixture of backorders and lost sales, inspections of defective items and controllable lead time when only the first two moments of the demand distribution are known. During the production run, as soon as the first q units have been produced, the vendor will deliver them to the buyer. After that, the vendor will make a delivery, on average, every [(
− units of time until the inventory level falls to zero, where we have assumed that each lot contains a random number of defectives, Y . Upon order arrival, the buyer inspects all the items at the fixed screening rate, x , and all defective items in each lot are discovered and returned to the vendor at the time of delivery of the next lot. In order to reduce the production cost, the vendor manufactures nq at one setup with a finite production rate P when the buyer orders quantity q , and each batch is dispatched to the buyer in n equally-sized shipments, where n is a positive integer. Therefore, the expected length of each ordering cycle for the buyer is
, and the expected length of each production cycle for the vendor is
Buyer's expected average total cost per unit time
In this paper, the basic setting is a continuous-review inventory system, and we have assumed that shortages are allowed. An order of size q for successive shipment is placed as soon as the buyer's inventory position (based on the number of non-defective items) reaches the reorder point, r . From assumption 3, we can also consider the safety factor k as a decision variable instead of r . Therefore, the expected shortage quantity at the end of the cycle is given by [ 
Upon order arrival, the buyer inspects all the items at the fixed screening rate, x , and all defective items in each lot are discovered and returned to the vendor at the time of delivery of the next lot. Therefore, the buyer has two kinds of holding costs: non-defective items holding cost and defective items holding cost. The average inventory level of non-defective items (involving those defective items which are not detected in a flaw yet before the end of the screening time, q x ) of q units order per cycle, given that there are y defective items in an arriving order of size q , can be approximated by
Hence, the non-defective holding cost per cycle is H. J. Lin / An Integrated Supply Chain Inventory Model
The buyer's defective inventory pattern is shown in Figure 1 .
Figure 1: Defective inventory pattern of the buyer
Similarly, given that there are y defective items in an arriving order of size q , the buyer's average inventory of defective items per cycle can be obtained as follows. The number of non-defective items in each shipment is q y − , and inspection period time is q x . Note that all the received items are accounted non-defective until they are gradually detected in a flaw. Hence, the buyer's average inventory of defective items per cycle is
and the defective holding cost per cycle is Therefore, the buyer's total cost per cycle, given that there are y defective items in an arriving shipment of size q , is the sum of the ordering cost, transportation cost, total holding cost, stock-out cost, screening cost and lead time crashing cost. Symbolically, the buyer's total cost per cycle can be expressed as:
If we assume that all items are quickly inspected, i.e., x → ∞ , then the length of inspection period / 0 q x = and Equation (5) ( , , ; )
which is the cost per cycle, given that there are y defective items in an arriving order of size q , in Wu and Ouyang' model [45] . Furthermore, when the vendor promises that the arriving order contains no defective items, i.e., 0 y = , and hence → (see Proposition below); then Equation (6) can be reduced to Ben-Daya and Raouf's model [3] . Let the number of defective items in a lot q be a binomial random variable with parameters q and γ , where γ ( 0 1 γ ≤ < ) represents the defective rate in an order lot.
That is,
In this case
The expected length of the cycle time and the expected cycle cost under the lot of size q are 
Therefore, the expected average total cost per unit time for the buyer is 
Vendor's expected average total cost per unit time
During the production period, when the first q units have been produced, the vendor will deliver them to the buyer, after that the vendor will make the delivery on average every [ ] E T units of time until the vendor's inventory level reaches zero. Because the production rate of vendor's non-defective items is greater than the buyer's demand rate, vendor's inventory level will increase gradually. When the total required amount nq is fulfilled, the vendor stops producing immediately. Therefore, the vendor's inventory per production cycle can be obtained by subtracting the accumulated buyer inventory level from the accumulated vendor inventory level as follows.
(refer to [18] The vendor's total cost per production cycle is the sum of the set-up cost, defective item treatment cost and holding cost. Symbolically, the vendor's total cost per production cycle can be expressed as: 2 2 ( 1)
Therefore, the expected average total cost per unit time for the vendor can be obtained as
The joint total expected average cost per unit time
Just-in-time (JIT) systems focus primarily on purchasing and manufacturing required items for immediate consumption. JIT requires a spirit of co-operation between the buyer and the vendor. Once the buyer and the vendor have built up a long-term strategic partnership, they can coordinate their production and inventory strategies and share information with each other to determine the best policy for both parties. The integrated inventory model is useful particularly for JIT inventory systems where the buyer and the vendor form a strategic alliance for profit sharing.
This concept of joint optimization for the buyer and the vendor was initiated by Goyal [7] and reinforced by Banerjee [2] and Monahan [21] . Following their approach, we get the joint total expected average cost per unit time as follows:
Then, in this one case, we should mainly discuss Equation (15) and find the optimal values of ( ) q Q , ( ) k r , L , and n such that ( , , , ) U JEC q k L n in Equation (15) is minimum. Note that when the vendor promises that the arriving order contains no defective items and the shortages are fully backordered, Equation (15) can be reduced to Ouyang et al.'s model [23] .
As mentioned earlier, we make no assumption on the distribution other than saying that it has given finite first and second moments; i.e., the c.d.f. F of X belongs to the class Ω of c.d.f.'s with finite mean DL and standard deviation L σ , so we cannot find the exact value of the expected demand shortage quantity at the end of each cycle,
. Therefore, the minmax distribution free procedure is used to find the least favorable c.d.f. F in Ω for each ( , , , ) q r L n and then minimize the joint total expected average cost per unit time over ( , , , ) q k L n . More precisely, our problem is to solve:
To this end, we need to use the following proposition as in [6] :
Moreover, the upper bound, equation (17), is tight.
Since r DL k L σ = + , and using Proposition, and considering the safety factor k as a decision variable instead of the reorder point r , our problem is reduced to minimizing the cost function for the worst distribution ( ) 
Therefore, ( , , , )
consequently the search for the optimal shipment number, * n , is reduced to finding a local minimum.
Furthermore, for fixed integer , n taking the partial derivatives of
JEC q k L n with respect to , q k and (1 ) 2
and ( )
Therefore, for fixed ( , , ) q k n , the minimum joint total expected average cost per unit time will occur at the end points of the interval. On the other hand, it can be shown that for fixed n and
JEC q k L n is convex in both q and k (see Appendix for the proof). Therefore, for fixed n and 
and 1 2 1 2 (1 )
We note that explicit general solutions for ( , ) q k are not possible because the evaluation for Equations (24) and (25) requires a knowledge of the value of the other. The optimal value of ( , ) q k can be obtained by adopting a similar graphical technique used in [12] .
Therefore, we establish the following iterative algorithm to find the optimal solution of ( , , , ) q k L n . Algorithm.
Step 1. Set 
perform (i) to (iv). Start with
Step3. Find
Step 4. Set 1 n n = + , and repeat Step 2 to Step 3 to get
Step 5. If
Step 4, otherwise go to Step 6.
Step 6. Set 
NUMERICAL EXAMPLE
In order to illustrate the above solution procedure, let us consider an integrated inventory system with the following data: 600
σ = units/week, the lead time has three components with data shown in Table 1 , and for understanding the effects of various values of the defective rate, γ , and the backorder rate, β , on the entire integrated inventory system, we consider that seven different values of γ (ranging from 0.005 to 0.200) and four different values of β (0.0, 0.5, 0.8 and 1.0). Applying the proposed Algorithm procedure yields the results shown in Table 2 . From the results in Table 2 , it is interesting to observe that as we fix the backorder rate, β , an increase in the value of the percentage of defective items, γ , results in an increase in all the buyer's expected average annual total cost, the vendor's expected average annual total cost and the joint expected average annual total cost. Therefore, the vendor should make every effort to reduce the rate of defective items so as to decrease his/her own cost and the cost of the entire supply chain system. In addition, increasing the value γ will result in an increase in the reorder point and in the number of shipments per production run from the vendor to the buyer. On the other hand, we fix the value of the percentage of defective items, γ , as the backorder rate, β , increases, both the buyer's expected average annual total cost and the joint expected average annual total cost decrease, and the vendor's expected average annual total cost increases. It is also interesting to observe that decreasing the value β will result in an increase in the reorder point and the shipping quantity from the vendor to the buyer per shipment. On the other hand, for comparison purposes, we present the following analysis. If the buyer and the vendor do not choose to cooperate with each other, they will determine their own optimal policy separately. First, the buyer makes his/her own decision without any intention to cooperate with the vendor; he/she discusses the total cost per unit time of the Equation (11). Our problem is to minimize the cost function for the worst distribution ( ) 
By analogous arguments as in Appendix, it can be readily shown that for fixed q and k , , ( , , ) 
simultaneously. Solving these equations, we obtain 1 2 *2 *
and
Following the analogous method of the Step 2 of Algorithm, we can find
q k L is the optimal solution for the buyer. On the other hand, the expected average total cost per unit time for the vendor is Equation (14) . Since the best production quantity is a positive integer multiple of the buyer's ordering quantity, we compute Equation (14) by using buyer's optimal ordering quantity and set 1, 2, 3, . n = K We can find the best choice of a R denotes the ratio of the total cost of the best independent policy to the total cost of the best integrated policy expressed as a percentage.
CONCLUDING REMARKS
The purpose of this paper is to investigate an integrated vendor-buyer inventory policy for a continuous review model including a random number of defective items in buyer's arrival order lot with a mixture of backorders and lost sales when only the mean and the variance of the distribution of the lead time demand are known. Analyzing the joint total expected cost function, we develop an algorithmic procedure to determine the optimal order quantity, reorder point, lead time and the number of lots delivered in one production run. The effects of parameters are also studied for the decision-making references. Moreover, the results of the numerical example indicate that both parties can benefit on condition that the buyer and the vendor make their decisions cooperatively. In addition, the total cost of the entire supply chain system decreases when the backorder rate increases and the defective rate decreases. Therefore, the vendor should endeavor to enhance the production quality to reduce defective rate so as to decrease the total cost of the entire supply chain system.
Regarding some future research, we propose the adoption of the random sub-lot sampled inspection policy to inspecting the selected items. In order to show the uncertainties, we could extend the present model so to apply stochastic demand and production rate in each member of the supply chain. Appendix: The proof of ( , , , ) U W JEC q k L n is convex in ( , ) q k for fixed n and
For fixed n and
we first obtain the Hessian matrix H as follows. 
Then we proceed by evaluating the principal minor of H. The first principal minor of H is 0 11 > H , since ( ) (1 )
Next, computing the second principal minor of H, we get (1 ) 
( 2 1 
